Fission barriers of actinides are calculated in the framework of the macroscopic-microscopic method. The single particle energies are obtained within a new version of the Woods-Saxon two-center shell model. A nuclear shape parametrization characterized by five degrees of freedom is used. The barriers are calculated along the minimal action trajectory in the configuration space and the inertia is evaluated within the cranking formalism. The reliability of the model is tested by comparing the theoretical results with values deduced from experimental data.
Introduction
Following a hypothesis dating from 1939 [1] , the fission cross section is proportional to the number of states calculated in the transient point or saddle point configurations. Actually, for evaluation purposes, two ingredients are of major importance: the penetrability of a double barrier parametrized from experimental data and a good model for the nuclear level density. In this context, evaluations of experimental data provide information about the heights of the double fission barrier as parameters [2, 3] . A lot of ef-fort has been invested to reproduce these parameters theoretically. Microscopic approaches based on the HartreeFock theory [4] or on the macroscopic-microscopic method [5] have been used. The former approach is the most fundamental way to determine the slope of the barrier. It starts with a realistic force between nucleons and constructs an appropriate many-body equation. This equation is solved in some approximation. The basic idea of the alternative approach is that a macroscopic model, as the liquid drop one, describes quantitatively the smooth trends of the potential energy with respect to the particle number and deformation whereas a microscopic approach such as the shell model describes local fluctuations. The combined macroscopic-microscopic method should reproduce both smooth trends and local fluctuations. In this paper, the reliability of the latter approach is tested for the first time within the Woods-Saxon two center shell model. Theoretical barrier heights for Th and U are reported by using dynamical calculations and comparison with experimental data is made.
Model
In the macroscopic-microscopic method, the whole system is characterized by some collective coordinates that approximately determine the behavior of many other intrinsic variables [6] . The basic ingredient in such an analysis is the shape parametrization that depends on several macroscopic degrees of freedom. The generalized coordinates associated with these degrees of freedom vary in time leading to a split of the nuclear system into two separate fragments. The macroscopic deformation energy is calculated within the liquid drop model. A microscopic potential must be constructed in order to be consistent with this nuclear shape parametrization. A microscopic correction is then evaluated using the Strutinsky procedure. The basic ingredient is the parametrization of the shape of the nuclei. In the following, an axial symmetric nuclear shape surface during the deformation process from one initial nucleus to the separated fragments is obtained by smoothly joining two spheroids of semi-axis and ( = 1 2) with a neck surface generated by the rotation of a circle around the axis of symmetry. By imposing the condition of volume conservation we are left with five independent generalized coordinates { } ( = 1 5) that can be associated with five degrees of freedom: the elongation R given by the distance between the centers of the spheroids; the necking parameter C = S/R 3 related to the curvature of the neck, the eccentricities associated with the deformations of the nascent fragments and the mass asymmetry parameter η = 1 / 2 . The notations that describe this parametrization can be identified by inspecting Fig. 1 . Due to the axial symmetry, the surface equation is given in cylindrical coordinates for the three regions involved:
It is known that a nuclear shape is well adapted for the fission process if the following conditions are satisfied [7] : (i) The three most important degrees of freedom, that is, elongation, necking and mass-asymmetry are taken into account; (ii) A single sphere and two separate fragments are allowed configurations; (iii) The flatness of the neck is an independent variable. All these conditions are fulfilled by the above parametrization. If S = 1, the shapes are necked in the median surface characterizing scission shapes and for S = −1 the shapes are swollen addressing the ground state and the saddle configurations. A calculation of the fission trajectory in our fivedimensional configuration space, beginning with the ground state of the system and ending in the exit point of the barrier is needed to obtain the heights of the barrier. If we consider that the elongation 1 = R is the main coordinate, the dependencies = (R) ( = 2 5) must be obtained. As specified in Ref. [8] , such trajectories emerge by minimizing the action functional.
where M( ∂ /∂R) is the inertia along the trajectory and V ( ) is the deformation energy. R and R stand for the elongations associated to the ground state and the exit from the barrier, respectively. In our calculation the reference of the deformation energy is always taken as the energy in the ground state, hence the following condition is fulfilled: V (R ) = V (R ) = 0. As it can be seen in formula (2), as the fissioning nucleus passes from its ground state to the scission configuration, the sequences of shapes depends mainly on the deformation energy and the inertia. The deformation energy was obtained by summing the liquid drop energy E LDM with the shell and the pairing corrections δE,
The macroscopic energy E LDM is obtained in the framework of the Yukawa -plus -exponential model [9] extended for binary systems with different charge densities [10] as detailed in Ref. [11] :
where (5) is the nuclear term,
is the Coulomb energy, and E V is the volume energy. In the previous definitions ρ are charge densities and
The numerical values of the parameters 2 , 0 , and are taken from Ref. [12] . The same notation is used for the constant 2 and for the semi-axis in the definition of the nuclear shape parametrization, but these quantities should not be confused. The shell effects δE are obtained as the sum of the shell and the pairing microscopic corrections. In this context, the Strutinsky procedure [8] was used. These corrections represent the varying parts of the total binding energy caused by the shell structure. The single particle level diagrams are computed within the Woods-Saxon superasymmetric two-center shell model. In calculating the pairing corrections, the blocking effects are taken into account. The effective mass is computed within the cranking adiabatic approximation [8, 13] . In a multidimensional deformation space, where the nuclear shape is described by the set of independent generalized coordinates , the inertia tensor M is defined by the equation of the kinetic energy T :
In the adiabatic description of the collective behavior of a nucleus, the nucleons are assumed to move in an average deformed potential. Using a Hamiltonian H(
that includes pairing interactions, introducing the collective parameters by means of the Lagrange multipliers, it is possible to obtain the response of the nuclear system for slow changes of the shape within the cranking model formula
where |ν and |µ are single particle wave functions, E ν , ν and ν are the quasiparticle energy, the vacancy and occupation amplitudes of the state ν, respectively, in the BCS approximation, and P is a correction that depends on the variation of the pairing gap and the Fermi energy as function of the deformation coordinates. Recently, the formula (8) was generalized so as to take into account the intrinsic excitation produced during the fission process itself [14] . The inertia M along a trajectory in the configuration space spanned by the generalized coordinates ( = 1 5) can be obtained using the formula
The total inertia is the sum of the contributions that correspond to the proton and to the neutron level schemes. Usually, the matrix elements of the derivatives of the Hamiltonian in Eq. (8) are replaced by the matrix elements of the derivatives of the mean field potential alone. A microscopic potential must be constructed to be consistent within our nuclear shape parametrization. In this context, a two-center shell model with a Woods-Saxon potential was developed recently [15] . The mean field potential is defined in the frame of the Woods-Saxon model:
where ∆(ρ ) represents the distance between a point (ρ ) and the nuclear surface. This distance is measured only along the direction normal to the surface and it is negative if the point (ρ ) is located in the interior of the nucleus. V is the depth of the potential while is the diffuseness parameter. In our work, the depth is
] with plus sign for protons and minus sign for neutrons, V 0 = 51 MeV, = 0 67 fm, κ = 0 67. Here A 0 , N 0 and Z 0 represent the mass number, the neutron number and the charge number of the parent, respectively. This parametrization, referred as the Blomqvist-Walhlborn one in Ref. [16] , is adopted because it provides the same radius constant 0 for the mean field and the pairing field. That ensures a consistency of the shapes of the two fields at hyperdeformations, i.e., two tangent ellipsoids. The Hamiltonian is obtained by adding the spin-orbit and the Coulomb terms to the Woods-Saxon potential. The eigenvalues are obtained by diagonalization of the Hamiltonian in the semi-symmetric harmonic two center basis [17] [18] [19] . In this work, the major quantum number used is N = 12. In this work the two center Woods-Saxon model will be used to compute shell and pairing corrections together with inertia. To calculate the barrier, apart from the deformation energy and the effective mass, another ingredient is required, namely the zero point vibration energy. The zero point vibration energy E V 0 was obtained by calculating the lowest eigenvalue of the macroscopic-microscopic potential in the first and second wells. The one dimensional WKB equation for the Bohr-Sommerfeld quantization rule was used for this purpose
with R 1 (E V ) and R 2 (E V ) standing for the turning points that are depending on the vibration energy E V , V (R) is the deformation energy with the bottom of the well as reference, and M is the inertia. The zero point vibration energy E V 0 is obtained by solving the previous equation for = 0.
Results
In our case, the action integral (2) must be minimized in a five-dimensional space. The first turning point R is obtained by determining the ground state configuration while the second one R lies on the equipotential surface that characterize the exit from the outer barrier. That means, R is defined by the multidimensional function V (R C 1 2 η) = 0. Different methods are currently envisaged to obtain the heights of the barriers. In static calculations [20] the immersion procedure is extensively used while for dynamical paths [21, 22] the Ritz method is applicable. To minimize the action integral we used a numerical method initiated in Ref. [23] and used for fission processes in a large range of mass asymmetries [24] [25] [26] [27] . The dependencies C (R), 1 (R), 2 (R), and η(R) were considered as spline functions of variables C , 1 , 2 and η ( = 1 ) that are associated with the fixed mesh points R located in the interval (R R ). The integral action is transformed into a numerical function that depends on the 4 variables and it is minimized numerically. . The pertinent region of deformations for the possible trajectories between the ground state and the exit point from the fission barrier was spanned. In each point of the configuration space, the deformation energy and the tensor of inertia was computed. During the minimization process, interpolated values of the deformation energy and the inertia were used. Different initial values of the generalized coordinates were used as input parameters for the minimization, therefore different local minima were obtained. The best value was selected. Moreover, additional calculations of the action integral were performed by slowly varying the generalized coordinates around the best trajectory previously obtained from the numerical procedure. Among all results, the best final trajectory with the least action was retained.
Due to the large amount of numerical effort needed to obtain the double humped barrier in our five dimensional configuration space, the full calculation was performed for two isotopes 230 Th and 234 U. The least action trajectory obtained for these two cases will be assumed valid also for all the other investigated isotopes by performing a scaling. The dependencies of the generalized coordinates will depend on a scaled elongation = (R ) where R = (A/234) 1/3 R for U and R = (A/230) 1/3 R for Th, A being the mass of the isotope. Due to the same reasons, analogue scalings were also performed by other authors in the literature [20, 28] .
In table 1 the theoretical values obtained for the E A , E II and E B parameters are listed together with the zero point energies in the first and the second well. The heights of the barrier are calculated by subtracting the zero point vibration energy from the value of the deformation energy in the transient configuration E A(B) = V A(B) − E V 0 . Values found in the literature for the heights of the barriers obtained from various data evaluations [2, 3, [28] [29] [30] are also displayed. It can be observed that even between the evaluations concerning the same isotopes differences of 0.5 MeV can appear. [30] 5.75 [30] In the left panels of Fig. 2 the deformation energy minus the zero point vibration energy for Th isotopes is plotted as a function of the elongation R along the minimal action trajectory. In the right panels the effective inertia along the fission path is represented. The zero point vibration energy of the second well is indicated by a straight line. In Fig. 3 , the same parameters as in Fig. 2 are plotted for several U isotopes. All isotopes exhibit a double humpe shaped barrier. The effective mass reaches values close to the reduced mass after scission. In the region where the second barrier is located or close to the scission configuration the inertia is characterized by large values. These large values are mainly due to the component of the inertia tensor related to the curvature C and the mass asymmetry η. Such behavior is similar to that encountered in the case of Werner-Wheeler inertia and was explained in Ref. [31] .
In Fig. 4 , the heights of the barriers for Th and U were compared with the evaluations provided in Ref. [2] . In general, the calculated heights are larger than the evaluated ones. A very good agreement was obtained for the Th isotopes. The rms deviations are in this case 0.723 MeV for the first barrier and 0.568 MeV for the second one. In the case of U, good agreement is obtained for the outer barrier where the rms deviation is 0.281 MeV. Unfortunately the deviations are very large in the case of the first barrier where the rms deviation reach 1.65 MeV. It is known that the first saddle configuration exhibits γ non-axiality [28] . The γ deformation is not taken into account by our calculations. This fact can be the cause of the discrepancy between the values obtained from theoretical calculations and from evaluations. These deviations are more important for U isotopes than for Th ones. This discrepancy should be addressed by introducing the γ deformation in future works. However, these results give evidence that the actual version of the two-center Woods-Saxon model is reliable for calculations of the deformation energies at hyperdeformations, for shape configurations characterizing the second barrier, close to scission.
A systematic study of even-even actinide fission barrier heights was performed in Ref. [28] using the Funny-Hills parametrization [8] and the Yukawa folded mean field potential. The theoretical estimates of the fission barriers are in general higher than the experimental values. The authors concluded that the macroscopic-microscopic approach is able to reproduce the experimental barrier heights within less than 1 MeV on average. A similar conclusion was drawn in Ref. [32] . The model presented in this work is also able to reproduce outer fission barriers within the error of 0.5 MeV. The inner fission barriers can be reproduced with 1.5 MeV in average. The upper full line corresponds to the outer barrier, the upper thin line corresponds to the inner barrier while the lower thin line corresponds to the isomeric state. The experimental data are taken from Ref. [2] . For evaluations, the circles are used for the first barrier and the squares for the second one.
